In the present work we formally extend the theory of port-Hamiltonian systems to include random perturbations. In particular, suitably choosing the space of flows and effort variables we will show how several elements coming from possibly different physical domains can be interconnected in order to describe a dynamics perturbed by general semimartingale. In this sense the noise does not enter the system solely as an external random perturbation but each port is a semimartingale in itself. We will show how the present treatment, extend pseudo-Poisson an pre-symplectic geometric mechanics. At last, we will show that a power preserving interconnection of stochastic port-Hamiltonian system defines again a stochastic port-Hamiltonian system.
Introduction
function andẆ the formal time-derivative of a Brownian motion. In the most general treatment in [26] it is assumed that the system is perturbed by a continuous semimartingale so that Hamilton equations of motion read as δX t = XĤ (X t )δZ t ,
where the notation δX means that the integration is to be intended in the Stratonovich sense, to be specified in a while, and Z is a general semimartingale. As for stochastic port-Hamiltonian systems (SPHS), to the best of our knowledge, the only existing research is [17, 35, 36, 37, 38] . Nonetheless, all of the above mentioned results starts from an input-output formulation of the deterministic PHS, extending the theory from a deterministic setting to a stochastic one, adding a random perturbation represented by a standard Brownian motion. In particular, in above treatment, the core of PHS, that is the Dirac structure, is not treated, so that there is no implicit formulation for SPHS.
The main motivation behind the present research is to formally introduce the notion of stochastic implicit port-Hamiltonian system (SPHS). We remark that the following treatment is based on theory of stochastic differential equations on manifolds, see, e.g. [14, 24] , and it is inspired by the theory of stochastic Hamiltonian dynamics, see, e.g. [26] .
In order to generalize the notion of Dirac structure and port-Hamiltonian system, similarly to what is done in generalizing classical deterministic PHS to distributed parameter PHS, see, e.g. [45] , flow and effort variables, in a sense to be specified in a while, will belong to the space of Stratonovich stochastic vector fields. In particular, our treatment generalize already existing literature on SPHS in several directions. First, as mentioned above, our stochastic treatment will start at the very core of PHS, that is we will start from the modelization of the Dirac structure, defining SPHS from a purely implicit and coordinate-free geometric object. In turn, as a very particular case, we will show that existing notion of SPHS will be recovered. Further, the noise enters the system in different ways. On one side a stochastic port is added the whole system; in this sense the noise can be seen as an external random field that affects the system, such as an external stochastic environment in which the system evolves. This point of view is how noise is typically considered to enter the system, and in particular input-state-output SPHS introduced in [35, 36, 37, 38] model the noise as an external random perturbation. We remark nonetheless that, the present setting will also allows for a more general source of stochasticity, as in fact each element of the system is a semimartingale, so that the noise is not seen solely as a result from an interaction with an external random field, but each port brings a source of uncertainty into the system. In this sense, the noise can be also seen as an error on parameters estimation.
Given a general manifold X , we will denote by T x X the space of tangent vector to X at x ∈ X and T X := x∈X T x X the tangent bundle; the section of the bundle X → T X is the space of (Stratonovich) vector fields X(X ). Also as standard, T * x X is the space of cotangent vector of X at x and T * X := x∈X T * x X the cotangent bundle. The section of the bundle X → T * X is the space of one-forms Ω(X ).
In order to generalize to the stochastic case the well-established theory of deterministic PHS, we will consider flows variables to be stochastic random field generated by a general semimartingale. In what follows we will also use the notation X Z α (X ), to denote the space of (Stratonovich) vector field perturbed by the semimartingale Z α on the manifold X , so that the flow variable δf α t ∈ X Z α (X ) takes the particular form
In this sense, our setting generalize classic deterministic treatment allowing each port to be a general semimartingale. We remark that as typical in stochastic analysis, equation (1) has to be intended as the short hand notation for
In what follows even if not specified, we will always consider continuous semimartingale. As stated above, the particular choice of Stratonovich stochastic calculus will be made. In general, when stochastic object is described on a general geometric structure, such as a manifold, many problems may arise, where also the choice of the most natural notion of integration to use is not a trivial problem. In particular, we stress that in stochastic analysis there is no universally accepted notion of stochastic integral, so that one usually chooses the most suitable notion based on the final goal. As a broad classification, it can be said that Stratonovich integration enjoys good geometric properties, whereas Itô integral has good probabilistic properties, such as a martingale property of the standard Brownian motion. The geometric nature of Dirac structure suggests that Stratonovich calculus to be the most suitable, so that the general treatment will be carried out in such a setting. Nonetheless, when certain estimates are needed, for instance computing conserved physical quantities, Stratonivh stochastic integrals can be transformed into the corresping Itô version, so that general probabilistic properties of Itô integral can be exploited to prove the wanted result. For the reason, we will show how SPHS in Stratonovich sense can be converted into the corresponding version in Itô form. We will not enter into details on differences on the two type of integration, we refer instead the interested reader to [31] . It must at last said that, recently, works have appeared attempting to make Itô integral good also from a geometric perspective, see e.g. [1] and reference therein.
The present work is structured as follows: in Section 2 we will recall main results regarding the theory of deterministic port-Hamiltonian system, starting from explicit PHS and then deriving the more general notion of implicit PHS. Then, in Section 3 we will generalize previously mentioned results in order to formally define a stochastic port-Hamiltonian system as a power preserving interconnection of certain port elements; in particular, Subsection 3.1 is devoted to the treatment of stochastic Hamiltonian system, which will give insights on the main results of the present work contained in subsequent sections. Thus, Subsection 3.2 will be devoted to the formal definition of stochastic implicit port-Hamiltonian systems. Then, in subsection 3.3 we will show how SPHS can be equivalently defined in terms of Itô integral. At last, Subsection 3.4 is devoted to the treatment of interconnected stochastic port-Hamiltonian systems.
The deterministic port-Hamiltonian system
In order to carry out a formal generalization to PHS to consider stochastic perturbation we will start from a geometric formulation of PHS, exploiting the coordinate-free definition of PHS in terms of Poisson or Leibniz bracket. We stress that this is not the usual starting point in defining PHS, nonetheless it emphasizes main features and mathematical aspects that stochastic PHS should enjoy, giving first insights into a general definition of implicit stochastic PHS.
We are in present section to introduce Hamiltonian dynamics in Poisson and Leibniz manifolds; we will not enter into details, being a well established topic in literature, but we will only recall main facts and refer the reader to [18, 23, 32, 41] to a deep treatment of the topic from a pure deterministic perspective. We stress that contents of the present section have already been established in literature and they are only to be intended to make the present work as much as self contained as possible.
In what follow we will consider a n−dimensional differentiable manifold X and the space of smooth real function on X , C ∞ (X ). Also we will denote by
the Poisson bracket satisfying bilinearity, skew-symmetry, Jacobi identity and Leibniz rule, see, e.g. [18] for a treatment of Poisson brackets in Hamiltonian dynamics.
Properties of the Poisson bracket, and in particular the Leibniz rule, implies that the value {F, G} (x), with F , G ∈ C ∞ (X ) depends on both argument only through the derivative. We can thus associate to a Poisson bracket a controvariant skew-symmetric 2-tensor called Poisson tensor
where above we have denoted by Ω 1 (X ) the space of 1-forms on X and dF := ∂ x i F dx i and dG := ∂ x i Gdx i are exterior derivatives of function F and G in C ∞ (X ), see e.g. [18, Ch. 3] for a review of exterior calculus on manifolds. Also, above and in what follows, we have denoted for short by ∂ x i the partial derivative w.r.t. x i , i.e. ∂ x i := ∂ ∂x i ; analogously we will denote by ∂ x the gradient.
At last, to a Poisson tensor we can define a morphisms
where above we have defined by T X the tangent bundle of X and by T * X the cotangent bundle of X . Also ·, · denotes the standard pairing between forms and vector fields, see, e.g. [18] , defined as
denoting the insertion of the vector field v into the form θ according to standard rule of exterior calculus, see, e.g. [18] , being i the interior product or contraction, see, e.g. [19, Ch. 3 ].
A Hamiltonian system on a Poisson manifold (X , {·, ·}) with Hamiltonian function H ∈ C ∞ (X ) is thus defined by the differential equatioṅ
Equation (4) is called Hamilton equation and X H is called Hamiltonian vector field generated by H. In particular, see, e.g. [18, Ch. 4] , equation (4) is equivalent to requirinġ
for all differentiable F : T * X → R.
Hamilton equation can be further generalized to define an (explicit) input-state-output port-Hamiltonian system (PHS) on a Poisson manifold (X , {·, ·}) with Hamiltonian function
with x ∈ R n and where X Hg i is the Hamiltonian vector field associated to the Hamiltonian H gi . Also above u i ∈ U denotes the i − th input, whereas y i ∈ U * is the i − th output of the system, see, e.g. [28, 40] . The PHS (6) can be expressed in local coordinates as
where J is a skew-symmetric matrix of suitable dimension, see, e.g. [28] . We can further include dissipation into the PHS (6) considering
Defining therefore the Leibniz bracket for F , G ∈ C ∞ (X ) to be
with structure matrix
we can define the (explicit) input-state-output port-Hamiltonian system with dissipation to be
From the structure matrix for the Leibniz bracket we have that in local coordinates the PHS (9) becomes
with R := (g R (x)) TR (x)g R (x).
Implicit port-Hamiltonian system
Having introduced in Section 2 a geometric formulation of PHS, we are are now to generalize the definition given of PHS to introduce the notion of implicit PHS, see, e.g. [39, 43] . As briefly mentioned, the definition of implicit PHS is based on the notion of Dirac structure, so that we need first to introduce some fundamental concepts, see, e.g. [43] .
Let F be a general finite dimensional linear space and let E := F * be its dual. The product space E × F is the space of power variables
where e, f denotes the duality product; F is usually referred to as the space of flows f whereas E is the space of efforts e. We can also introduce the following bilinear symmetric form
In what follows, given a linear subspace S ⊂ E × F , we will define the orthogonal complement S ⊥ to be
Therefore we may describe a physical system as the interconnection of storage elements (f S , e S ) ∈ F S × E S , of resistive elements (f R , e R ) ∈ F R × E R and the environment or the control system (f C , e C ) ∈ F C × E C . In this particular case we have the general space of flows is given by F := F S × F R × F C and the space of
Therefore we can introduce the notion of separable Dirac structure,see, e.g. [42, Ch. 6] .
Let us consider for the moment the particular case where the relation between resistive element can be written in input-output form, i.e. it exists a map F : R nR → R nR such that
Also, the interconnection of the energy storing elements to the storage port of the Dirac structure is obtained setting
so that we obtain the following definition for the implicit PHS.
Definition 2.0.2 (Implicit port-Hamiltonian system). Let F be the space of flows and E its dual; let H : X → R be the Hamiltonian function representing the energy of the system, with D a Dirac structure. Then an implicit port-Hamiltonian system is given by
Implicit port-Hamiltonian system on manifolds
It has been consider in Section 2.1 a PHS with underlying constant geometry; we are in the present section to generalize above treatment to consider PHS with non-constant geometry. In order to achieve such a generalization we will consider Dirac structure on differentiable manifolds. Given a n−dimensional manifold X with tangent bundle T X and cotangent bundle T * X we will define T X ⊕ T * X to be the smooth vector bundle over X with fiber at x ∈ X given by T x X × T * x X . Also in what follows we will denote by Ω 1 (X ) the space of 1-forms θ and by X(X ) the space of vector fields X over the manifold X .
We will say that (X, θ) belongs to a smooth vector subbundle D ⊂ T X ⊕ T * X if (X(x), θ(x)) ∈ D(x), ∀ x ∈ X ; we will thereafter use the shorthand notation (X, θ) ∈ D.
We can also introduce the orthogonal complement w.r.t. the standard pairing between forms and vector fields as
where ·, · denotes the standard duality pairing between forms and vector fields as defined in equation (3).
Therefore we have the following definition, which generalizes Definition 2.0.1, see, e.g. [11, Definition 2.1].
In particular, Definition 2.0.3 implies that a generalized Dirac structure D on a smooth manifold X , in the sense of Definition 2.0.3, is a smooth vector subbundle D ⊂ T X ⊕ T * X such that D(x) ⊂ T * x X × T x X is a constant Dirac structure, in the sense of Definition 2.0.1, for every x ∈ X , see, e.g. [43, Sec. 3] .
Notice that, takingX = X andθ = θ we immediately obtain that
We thus can introduce the following definition of implicit port-Hamiltonian system, with general space of flows F and efforts E , as in Section 2.1.
Definition 2.0.4 (Implicit generalized port-Hamiltonian system). Let be F the space of flows and let us consider a smooth n-dimensional manifold X , a Hamiltonian function H : X → R and a Dirac structure D. Then the implicit generalized port-Hamiltonian system (X , F , D, H) is defined by
It can thus being shown that the explicit PHS with dissipation (10) is a PHS as defined in Definition 2.0.4.
such that J = −J T , then D defines a Dirac structure.
for any −X,θ,f R ,ē R ,f C ,ē C satisfying (13) .
Let then considerf C =f R = 0, so that we have, setting
Thus it immediately follows, with θ = ∂ x H(X t ) and X =ẋ,
and inserting equation (54) into equation (53) we obtain
and thus −ẋ, dH, f R , e R , f C , e C ∈ D. 
with J(x) = −J T (x) and R(x) = R T (x) ≥ 0, is called input-output port-Hamiltonian system.
Notice that
or equivalently in integral form
equations (18)- (19) state that the internal energy of the system is always less or equal to the external energy supplied to the system; equation (18) expresses what is known in literature as passivity property of PHS, see, e.g. [42] .
The stochastic port-Hamiltonian system
The main goal of the present section is to formally introduce the definition of implicit stochastic port-Hamiltonian system (SPHS). To the best of our knowledge there is no formulation of implicit SPHS in the literature. We will show that our definition generalizes already existing definitions of input-output SPHS, see, e.g. [17, 35, 36, 37, 38] as well as stochastic dynamics on Poisson manifolds, see, e.g. [26] .
As done in Section 2, we will first introduce the general notion of explicit stochastic port-Hamiltonian system as a controlled Hamiltonian system on Poisson or Leibniz manifold. Then, inspired by the general theory of explicit SPHS on manifolds, we will generalize the theory to define implicit stochastic port-Hamiltonian system.
Explicit stochastic port-Hamiltonian system
We are now to generalize the notion of (explicit) port-Hamiltonian system introduced in equation (9) to the (explicit) stochastic port-Hamiltonian system. We refer the reader to [14, 15, 24, 26] for a detailed introduction for manifold-valued semimartingales and semimartingale driven Hamiltonian systems. The present Section follows ideas developed in [26] , generalizing result to consider also dissipative Hamiltonian systems on Leibniz manifolds. We stress that most of the ideas contained in the current section have been already developed in literature, see, e.g. [26] , so that current section is mainly used to give insights on properties that SPHS should enjoys, allowing us to show in the main section of the present work that the proposed stochastic framework does in fact include existing results in stochastic geometric mechanics.
In what follows, for the sake of simplicity we will focus on the case m = 1 in Section 2, extension to the general case m > 1 being straightforward. We will always consider a filtered complete probability space Ω, F , (F t ) t∈R+ , P satisfying standard assumptions, namely right-continuity and saturation by P-null sets .
As mentioned above, the main idea that allows us to generalize port-Hamiltonian systems introduced in Section 2 to the stochastic case, is to consider flows variables to be some general semimartingales; in particular given the variable f , we will denote by δf the Stratonovich vector field generated by f . In general, in what follows, we will assume each port to be perturbed by a (continuous) semimartingale, so that we will denote by Z α a continuous semimartingale, adapted to the reference filtration with initial value Z α = 0, that generates the Stratonovich flow corresponding to the port α.
In what follows, following [14] we will denote by δZ the integration in the sense of Stratonovich, whereas dZ denotes the integration in the sense of Itô; we refer the interest reader to [14, 26, 31] for a detailed explanation of differences and main aspects of two types of stochastic integration. As mentioned above, the primary choice of using Stratonovich stochastic calculus is motivated by good geometric properties that such notion of integral enjoys, and in particular the fact that standard chain rule of calculus holds. This fat will allows us to prove one of the main properties that port-Hamiltonian systems enjoy, that is energy conservation. Further, it can be shown that any stochastic integral in Stratonovich form can be converted into a corresponding integral in Itô form, so that in what follows we will show how an analogous treatment can be done using integration in the sense of Itô. In order to develop such a theory we will introduce the notion of second-order vector fields and second-order forms, we refer again the interested reader to [14] for a detailed treatment of the topic.
We will consider the following definition of Stratonovich SDE on a manifold, we refer the reader to [14] for a detailed treatment of stochastic calculus on manifolds. Definition 3.0.1. Let M and N be two manifolds; a Stratonovich operator from M to N is a family (e(x, z)) z∈M ,x∈N such that e(x, z) : T z M → T x N is a linear and smooth map. Also e * (x, z) : T * x N → T * z M is the adjoint of e(x, y). Given Z a M −valued semimartingale, we will say that the N −valued semimartingale X is the solution to the Stratonovich stochastic differential equation
where above we have denoted by · · the standard pairing between forms and vectors fields, defined as in equation (3).
Before formally introduce the stochastic controlled Hamiltonian system, let us consider the following deterministic input-state-output PHS
where as above X H , resp. X Hg , denotes the vector field generated by the Hamiltonian function H, resp. H g . Following ideas developed in [26] , we will prove that the integral solution to equation (20) can be stated in terms of the Poisson tensor B # ; as stressed in [26] , this type of solution is introduced in order to properly generalize system (20) to consider stochastic perturbations. Proposition 3.1. Let (X , {·, ·}) be a Poisson manifold; then a smooth curve γ is an integral curve of the vector field in equation (20) if and only if there exists a curve u : [0, t] → U such that for any θ ∈ Ω 1 (X ) it holds
where B # is the morphism of tensor bundle associated with the Poisson bracket {·, ·} and
Proof. The proof follows [26, Proposition 2.1]. Differentiating equation (21) with respect to time we obtain
Choosing therefore θ = df we thus obtain
and the claim follows.
Above notion of solution for an input-output PHS allows us to introduce the following generalization to consider semimartingale perturbed input-output PHS. Definition 3.1.1. Let (X , {·, ·}) be a Poisson manifold, an (explicit) input-output stochastic port-Hamiltonian system with Hamiltonian function H : X → R, and stochastic components Z, Z N and Z C , is defined to be the solution to
Remark 3.2. A straightforward generalization to the multi-input multi-output yields the more general case of
There exists a unique solution to equation (22) in the sense that, it exists a stopping time τ such that for all t < τ and for all θ ∈ Ω 1 (X ) it holds
Proof.
Introducing the Stratonovich operator defined in 3.0.1 and using T z R 3 ≃ R 3 , we obtain
so that its adjoint is given by
Therefore using [14, Theorem. 7.21] , and noticing that equation (22) can be rewritten as
, there exists a unique solution to equation (22) in the sense of Definition 3.0.1 and the proof is thus complete.
We can therefore generalize further the above results to include dissipation into the explicit SPHS; in particular, following [33] , noticing that the Leibniz bracket defined in equation (8) is a derivation in each argument, as done for the Poisson bracket, we can introduce a tensor map B L :
We therefore obtain the following generalization of Definition 3.1.1 that generalize the PHS with dissipation in equation (9). 
where X L Hi is the vector field generated by B # L (dH i ). Remark 3.4. It is worth to mention that, due to the presence of the semimartingale Z, SPHS (24) need not to be dissipative under standard assumptions used in the deterministic case; this aspects will play a central role in developing some aspects of implicit SPHS so that it will be made clearer in subsequent sections. △
As regard the existence and uniqueness for a solution of equation (24) we have the following.
Theorem 3.5. There exists a unique solution to equation (24) in the sense that, there exists a stopping time τ such that for all t < τ and for all θ ∈ Ω 1 (X ) it holds
The proof follows the one of Theorem 3.3 defining the Stratonovich operator
then it exists a unique solution up to an explosion time τ . (i) let Z i be the deterministic process given by (t, ω) → t, i = 0, . . . , m + 1, then equation (24) reduces to
where now the Stratonovich integral reduces to a standard deterministic Riemann integral. If further we require H N = 0, we immediately recover the form in equation (6) for the classical PHS with dissipation;
(ii) let Z C be the deterministic process given by (t, ω) → t, then equation (24) reduces to
that is a Stratonovich SDE with noise independent control.
(iii) let Z to be the deterministic process given by (t, ω) → t and Z N t = W t , being W t a standard Brownian motion. Then equation (24) reduces to
then our formulation recovers the one given in [35, 36, 37, 38] .
△
We can at last prove the following.
Proposition 3.6. Let X be the solution to the SPHS (24), then for any ϕ ∈ C ∞ (X ) it holds
Proof. Notice that it holds, see [14, Prop. 7.4] ,
Considering Theorem 3.5 taking θ = dϕ we have that
Implicit stochastic port-Hamiltonian system
This section is devoted to generalize to the stochastic setting the definition of implicit port-Hamiltonian system treated in Section 2.2. In the present setting, we assume that the flow corresponding to each port is a semimartingale, so that we assume that the noise can enter the system not only through a stochastic external random field but also as a random perturbation of any port connected to the system.
As mentioned next treatment is based on Stratonovich calculus; this choice is motivated by the fact that the integration in the Stratonovich sense will allow us to use standard rules of differential calculus and exterior calculus on manifold, being therefore particularly suited for the generalization we are to carry out.
Let X be a n-dimensional manifold with tangent bundle T X and cotangent bundle T * X . We will define T X ⊕ T * X the smooth vector bundle over X with fiber at any x ∈ X given by T x X × T * x X . Let also δX be a Stratonovich vector field on X and θ be a 1-form on X . We will say that the pair (δX, θ) belongs to a vector subbundle
In what follows we will consider X : I → X to be an integral curve of a Stratonovich vector field δX t with initial condition X 0 , being I ⊂ R + . Then, see, e.g. [14] , for any differential 1-form θ on X we can associate the standard pairing
denoting the insertion of the vector field δX t into the form θ according to standard rule of exterior calculus, see, e.g. [18] , being i the interior product or contraction, see, e.g. [19, Ch. 3] .
We introduce the orthogonal complement of a bundle D ⊂ T X ⊕ T * X w.r.t. the above introduced pairing between forms and vector fields as
where ·, · denotes the standard duality pairing between forms and vector fields introduced in equation (26).
The following definition, generalizes Definition 2.0.3.
Definition 3.6.1 (Generalized stochastic Dirac structure). A generalized stochastic Dirac structure D on a manifold X is a smooth vector subbundle D ⊂ T X ⊕ T * X such that D = D ⊥ .
Notice that taking δX = δX andθ = θ we immediately obtain that t 0 θ, δX s = 0 , ∀ (δX t , θ) ∈ D , ∀t ∈ I .
Let us thus consider a n-dimensional manifold X with generalized stochastic Dirac structure D and let H : X → R be the Hamiltonian function representing the energy of the system. The following definition generalizes Definition 2.0.4. Definition 3.6.2 (Implicit generalized stochastic port-Hamiltonian system). Let X be a n-dimensional manifold X with generalized stochastic Dirac structure D, H : X → R the Hamiltonian function. An implicit generalized stochastic port-Hamiltonian system (X , Z, D, H) on X is given by 
(ii) Let (X , ω) a symplectic manifold, that is ω is a closed (possibly degenerate) two-form, with ω # : T X → T * X the canonical musical isomorphism, then
is a Dirac structure. △ Notice that Definition 3.6.2, based on Stratonovich calculus and exterior calculus, allows us to obtain the remarkable energy conservation property which is one of the founding aspect of port-Hamiltonian system. In fact we have, using equation (28) , that
or equivalently in short hand notation δH(X t ) = dH, δX t .
We can thus introduce the port variables associated with internal storage (δf S t , e S t ), so that we can accomplish the interconnection of energy storing elements to the storage port of the Dirac structure setting
The energy balance thus reads
and the total energy is thus preserved along solutions of the Hamiltonian system. We remark that the particular notation δf S is to emphasize the fact that the flow of the storage port is a Stratonovich vector field over X .
Remark 3.7. We stress that above definition 3.6.1 has been called generalized to differentiate by the original paper [10] on Dirac manifold where a certain closeness assumption has been made. In particular, in later development of the theory, closeness assumptions was dropped, mainly with the aim of including nonholonomic constraints into the definition of Dirac structure. Using the definition of generalized Dirac structure 3.6.1 we are in fact able to generalize both examples in 3.2 to consider a (pseudo)-Poisson bracket, that is a Poisson bracket that does not satisfy Jacobi identity, and pre-symplectic geometry considering a two-form that is not necessarily closed. Due to the geometric nature of our definitions, we can therefore immediately introduce the following. We will define by £ δXt θ the Lie-derivative of the form θ along the Stratonovich vector field δX t ; in particular we will define £ δXt θ through the Cartan magic formula, see, e.g. [18] .
Definition 3.7.1 ((Closed) Dirac structure). A generalized Dirac structure D on X is called (closed) Dirac structure if for arbitrary (δX 1 t , θ 1 ), (δX 2 t , θ 2 ) and (δX 3 t , θ 3 ), it holds
Interconnection with other ports
PHS's are mainly seen as interconnection of different port elements, possibly representing different physical systems. In the present section we will introduce the general formalism needed to connect several ports through a stochastic Dirac structure. The main idea follows what done in introducing the stochastic implicit PHS in Definition 3.6.2, and resembles how one can formally define distributed parameter PHS's, [45] . In order to be able to incorporate stochasticity into the implicit stochastic PHS we will consider particular choice for effort and flow spaces.
In what follows, we will consider the flow space F Z α := X Z α (X ) to be the space of Stratonovich vector field on X perturbed by a general semimartingale Z α ; to emphasize that any flow element is in fact a Stratonovich vector field, we will denote any element belonging to F Z α as δf α . Similarly we will consider the space of efforts to be the dual of the space of flows, so that E := Ω 1 (X ) is the space of 1−form on X . As already discussed above, to any element (e, δf ) ∈ E × F Z α we can associate a natural pairing, see, e.g. [18] . We stress that in general we can consider flow variables, resp. effort variables, to take values in the set of Stratonovich vector fields X(N ), resp. 1-forms Ω(N ), over a different manifold N .
We augment the implicit SPHS with other port than energy storage, for instance resistive port (R) and control port (C). Let F Z α be the space of Stratonovich vector field on X generated by a semimartingale Z α , α = R, C, and let E α , α = R, C, be the space of 1-form on X .
Remark 3.8. We remark that in the general implicit form, there is no need to specify the perturbing semimartingale Z α for the port α, as in fact since δf α is a Stratonovich vector field, the whole theory would follows analogously. Nonetheless, we have chosen to specify the perturbing semimartingale also in the implicit form to emphasize the connection to explicit SPHS.
A dissipation effect can be further taken into account by terminating the resistive port connected with a dissipation element satisfying an energy-dissipating relation R. In general such a relation is defined as a subset
As important particular case it can be considered the situation where the resistive relation can be expressed as the graph of an input-output map, so that, given a map δR :
and we can impose the following connection δf R s := −δR(e R s ) .
Definition 3.8.1 (Implicit generalized stochastic port-Hamiltonian system). Let X be n-dimensional manifold X , Z = (Z, Z R , Z C ) a semimartingale, a Hamiltonian function H : X → R and a generalized stochastic Dirac structure D being F := F ZR × F ZC the space of flows δf and E = F * the corresponding dual space of efforts. Then the implicit generalized port-Hamiltonian system (X , Z, F , D, H), with resistive structure R, is defined by
Since the resistive port is required to satisfy the dissipation relation (31), we obtain the power balance
Notice that the condition for the resistive port (31) is too strong to be satisfied in practice, since it requires that energy dissipation occurs along all possible realization of the system.
In order to weaken the resistive relation, we are thus to introduce a different formulation of Dirac structure with weak resistive relation, requiring thus that energy is dissipated in mean value.
Following above notation, we impose a weak energy-dissipating relation R W , defined as a subset
Similarly, if it exists a map δR : Ω 1 (X ) → X(X ), requiring
we can obtain energy dissipation imposing the following interconnection, δf R s := −δR(e R s ) . Therefore, Definition 3.8.2 can be generalized to the present case in a straightforward manner, so that in the weak setting the resistive port is required to satisfy a weak dissipation condition of the form (33) , and the mean power balance reads
implying that energy is required to be preserved and dissipated in mean value. We stress that in what follows, we will consider always weak relation since it is the most suitable to many applications, nonetheless similar arguments will still holds imposing strong energy dissipation relations.
The general case
In order to generalize Hamilton equations (24) we augment the Dirac structure with a new type of port, that we will call noise port, with flow space F ZN , the space of Stratonovich vector field perturbed by Z N , and flow space E N . As it will be seen later on, this port will play in the explicit formulation, the role of external random field that perturbs the system.
We thus have the following, see Figure 1 for a graphical representation on next Definition. 
We can equip above Definition 3.8.2 with the (weak) resistive relation
so that, weak energy balance reads
In many application, for stability purposes, one is in general led to consider passive systems, meaning that the total (mean) energy variation must be less or equal to the (mean) energy injected into the system, that is the following must hold
In the deterministic case, imposing an energy dissipation relation is sufficient to guarantee the passivity of the PHS, whereas on the contrary, in the present case, in order to obtain passivity, we are forced to further require the stronger condition that both the resistive port and the noise port satisfy a dissipativity condition. In particular, we can define an energy-dissipation relation
Thus, endowing the stochastic PHS 3.8.2 with the (weak) energy-dissipation relation R N W we obtain the passivity property for the SPHS, that is
As above, we can consider the situation where the general resistive relation can be expressed as the graph of an input-output map, so that, given two maps δR : Ω 1 (X ) → X(X ) and δR N :
imposing further the connection δf R s := −δR(e R s ) , δf N s := −δR N (e N s ) , we would thus obtain the (weak) passive relation (36) . Remark 3.9. Notice that above in equation (37) the joint dissipativity condition for both resistive and stochastic port is more general than requiring that dissipativity holds for both ports separately. In fact, many concrete applications satisfy a dissipativity condition for the resistive port, at least in the weak setting. Nonetheless it is much harder to find applications where also the stochastic port does satisfy a similar dissipativity condition, also if required to hold just in weak form. Nonetheless equation (37) is more general since the dissipativity of the resistive port can act as a sort of passivity bound that can absorb non-passive behaviours due the stochastic port so that the global system remains passive; a similar reasoning has been used in [7] to define stochastic energy tanks. △ The next proposition gives an alternative representation for the stochastic Dirac structure in Definition 3.6.1. 
and J such that J = −J T ; then D as in equation (38) is a Dirac structure.
Proof. Let us first prove D ⊂ D ⊥ . For the sake of brevity we will prove the case of G C = G N = 0, being the general case analogous to the one treated below. Let (δf S t , δf R t , e S t , e R t ) and (δf S t , δf R t ,ē S t ,ē R t ) ∈ D as defined in equation (38) , since they belong to D it holds
Thus we have that 
and
Choosingē S s = 0,ē R s = 0 it follows from equation (41) that
and from the non-degeneracy it follows that e R s = G * R e S s . Again from equation (41), choosing now δf R s = 0, and since (
where the last term in the second last equality in equation (43) follows from the fact that Let us thus consider the particular case of δf R t = −Re R t δZ t , and let us further assume that
then the following definition can be given. Then the stochastic input-output port-Hamiltonian system with stochastic Dirac structure in Proposition 3.10 is given by
Equation (45) is to be intended as in Definition 3.0.1, as specified in what follows. Let us recall that, according to [14] , we have denoted the Stratonotich operator e(x, z) : T z R m → T x X , so that, identifying T z R m ≃ R m , for a given R m − valued semimartingale Z, we can define the X −valued SDE as δX t = e(X t , Z t )Z t , t ∈ I .
Equation (45) can be thus rewritten in term of Stratonovich operator as follow. Let Z be a R−valued semimartingale, whereas Z N t , resp. Z C t , be a R n N −valued, resp. R n C −valued, semimartingale with m = 1 + n N + n C . Let us denote also for short the vector fields
where we have denoted by V α j , α = S, N, C, a vector field over X . Then let {e α 1 , . . . , e α n α } be a basis for R n α , α = N, C, then, for y = (y S , y N , y C ) ∈ R × R n N × R n C , we can define the Stratonovich operator as
so that equation (45) can be formally defined as a Stratonovich SDE over the manifold X as
In particular, equation (48) implies that for any ϕ ∈ C ∞ (X ) it holds 
so that stochastic Hamilton dynamics on Poisson manifold treated in [4, 26] can be treated in the setting of PHS. 
so that stochastic Hamilton dynamics introduced in equation (24) is a SPHS. △
We can therefore prove that Definition 3.10.1 suitably generalizes the classical deterministic PHS given in equation (10) .
if and only if
with J = −J T , then D defines a Dirac structure.
for any −δX t ,θ, δf R t ,ē R , δf C t ,ē C , δf N t , e N satisfying (51). Let then consider δf C t = δf R t = δf N t = 0, so that we have setting
Thus it immediately follows, with θ = ∂ x H(X t ),
and thus −δX t , dH, δf R t , e R , δf C t , e C , δf N t , e N ∈ D.
On Itô definition for stochastic port-Hamiltonian systems
We have introduced in Section 3 SPHS in Stratonovich form; in most applications it is nonetheless preferable to work with the Itô definition of stochastic integral. For instance, when studying (weakly) conserved quantities, the good probabilistic properties of Itô integral make easier to consider stochastic equation in Itô form rather than Stratonovich. The present section is devoted to show how SPHS in Itô form can be defined and the connection from Stratonovich and Itô SPHS will be proved.
In order to introduce SPHS in Itô form, following the theory developed in [13] , we will introduce tangent vectors and vector fields of order 2. In particular, a field of tangent vector of order 2 to a manifold X at the point x is a differential operator of order at most 2 with no constant term, that is L :
The space of tangent vectors of order 2 at x is denoted to τ x X , and as standard the second order tangent bundle of X is denoted by τ X := x∈X τ x X . Also, we will denote by X 2 (X ) the space of vector field of order 2 which is defined as the section of the tangent bundle τ X . Similarly, we can define forms of order 2 Ω 2 (X ) as smooth section of the cotangent bundle τ * X := x∈X τ * x X . Then, for any function f ∈ C ∞ (X ), and L ∈ X 2 (X ), we define the form of order 2 d 2 f ∈ Ω 2 (X ) as
We refer the interested reader to [13, Chapter 6] or also to [26] for e detailed introduction to the topic. It can be immediately seen that standard tangent vector are contained in tangent vector of order 2, that is T X ⊂ τ X , see, e.g. [13, 14] .
Exactly as for classical tangent vector of order 1, also forms of order 2 are dual to the space of tangent vector of order 2, so that we can define a pairing operator θ, dX between a θ ∈ Ω 2 (X ) and dX ∈ X 2 (X ). Thus, see, e.g. [13] , the map θ → t 0 θ s , dX s is well-defined, and the stochastic integral t 0 θ s , dX s is called Itô integral of θ along X. All results regarding implicit SPHS can be therefore introduced exploiting the notion of tangent and cotangent bundle of order 2. In particular Definition 3.6.1 can be directly generalized to consider Itô stochastic vector fields as follows.
Definition 3.11.1 (Generalized stochastic Dirac structure of order 2). A generalized stochastic Dirac structure of order 2 D 2 on a manifold X is a smooth vector subbundle D ⊂ τ X ⊕ τ * X such that D 2 = D ⊥ 2 , being D ⊥ 2 the orthogonal complement defined as
Then, exactly as done in Section 3.2, we can connect different ports in a power preserving manner using Itô stochastic vector fields, to have the following Definition of SPHS of order 2. In what follows, with a slight abuse of notation we will denote for short by F Z α := X Z α 2 (X ) the space of Itô vector field on X perturbed by a general semimartingale Z α ; as above to emphasize that any flow element is in fact a Itô vector field, we will denote any element belonging to F Z α as df . Consequently E := Ω 2 (X ) is the space of form of order 2 on X . Thus, to any element (e, df ) ∈ E × F Z α we can associate a natural pairing, see, e.g. [18] . Definition 3.11.2. Let X be a smooth n-dimensional manifold and Z = (Z, Z R , Z C , Z N ) some semimartingales, a Hamiltonian function H : X → R and a generalized stochastic Dirac structure of order 2 D 2 . Then the implicit generalized port-Hamiltonian system (X , Z, F , D 2 , H) is defined by
Same computation as in Proposition 3.10 allows to obtain a input-state-output form as in Definition 3.10.1, for the sake of brevity we will omit details. We will instead show how one can reformulate SPHS in Definition 3.10.1 in Itô form.
In order to prove the conversion from Stratonovich to Itô form, we will make use of the notion of Schwartz operator s, that is a family (s(x, z)) x∈X ,z∈R m ) such that s(x, z) : τ x X → R m , being τ x X the vector space of tangent vectors of order two to X at x, see, e e.g. [14, Ch. 6] or also [26, Appendix 6] . In particular it can be shown, see, e.g [13] , that to any Stratonovich operator e it can be associated a Schwartz operator s, so that next result shows how to reformulate equation (45) into Itô form. Proposition 3.12. Let X be the solution to the Stratonovich PHS (45) , and let Z, Z N and
being Z j , Z i t the quadratic covariation between Z i and Z j at time t. Then X admits an equivalent formulation in terms of Itô integration
Remark 3.13. We remark that condition (55) is purely to avoid heavy notation; nonetheless a similar result holds dropping above condition.
Proof. Let us recall that equation (45) is formulated in terms of the Stratonovich operator using (47) and for any ϕ ∈ C ∞ (X ) equation (49) holds. Let us consider a second order vector Lv ∈ R m , we thus have
Let us thus consider the for the moment only the first term in the right hand side of equation (57), in particular we have
Similar computation holds for all the terms appearing in equation (57), so that evaluating now s * (x, z)(d 2 ϕ), for a given function ϕ ∈ C ∞ (X ) we have that, using equations (57)-(58) together with condition (55),
Therefore we obtain, for any ϕ ∈ C ∞ (X )
Using now the fact that for the Lie derivative of a function ϕ along a vector field V it holds, see Remark 3.7, £ V ϕ = i V dϕ = dϕ, V , being i the interior product, see equation (3) . Then, considering ϕ(X t ) = X t in equation (61) it follows
Using above result Proposition 3.12 we can therefore prove how equation (50) can be converted into Itô form. 
where Z j , Z i t is the quadratic covariation between Z i and Z j at time t. Proof. The proof follows from Proposition 3.12 using that the vector fields are generated by the Leibniz bracket [·, ·] L .
Passivity and power-preserving property
As mentioned briefly above Stratonovich and Itô integrals enjoy different properties; in fact on one side Stratonovich integral, since it satisfies standard rule of differential calculus, is suited for treating geometric aspects, on the other side the martingale property of Itô integral is fundamental for probabilistic analysis. In particular this last fact will play a fundamental role when one is investigating energy conservation and stability of the underlying stochastic system.
We are now ready to treat the energy conservation property, and more important in port-Hamiltonian system, the passivity property. In particular, when one generalizes a deterministic input-output system to the stochastic case, the standard notion of passivity has several possible generalizations, leading to different possible definitions. Definition 3.14.1 (Strong/weak passivity). Let H ∈ C ∞ (X ) be the total energy of the system, we will say that the SPHS (24) X is strongly, resp. weakly, passive w.r.t. the input-output if
resp.
for all t < τ .
Remark 3.15. In equation (64), we have introduce the passivity property in the sense of Stratonovich integration. The choice is motivated by the intuition behind the definition of SPHS; in fact passivity means that the total energy variation is equal or less to the total power supplied to the system, integrated along system trajectories. Since the system is formulated in terms of Stratonovich integral, we have to therefore consider the total power supplied perturbed by the corresponding control semimartingale Z C , in the sense of Stratonovich.
We stress nonetheless that, particularly when one considers weak passivity as defined above, computing the expectation of a Stratonovich integral might be difficult; therefore, as standard when one deal with energy conservation in stochastic Hamiltonian dynamics, the easiest way is to reformulate the Stratonovich integral in terms of the Itô integral so that one can exploit the good probabilistic properties of the Itô integral.
Assuming for instance the SPHS to be given in the local form in equation (51), so that it can be converted into the equivalent formulation in terms of Itô integral using Proposition 3.12 as
where above we have denoted byū the control in feedback form as a function of the state X. In turn the weakly passivity coincide with requiring that the process
is a super-martingale. Clearly in the trivial case of Z C t (ω) := t, Stratonovich and Itô integral coincides and passivity reduces to △ As briefly mentioned above, requiring strong passivity is too strong in many concrete situations.In fact, the presence of an external random noise implies that the system does not in general conserve energy, as standard seen in stochastic Hamiltonian dynamics. For instance in [26] it is shown that, for Hamiltonian dynamics on a Poisson manifold, if the random perturbations are involution w.r.t. the energy of the system H, that is {H, H N } = 0, then the Hamiltonian system preserves the energy. In the present case, since we are considering Hamiltonian dynamics driven by the Leibniz bracket, even requiring that the stochastic Hamiltonian is an involution w.r.t the energy of the system H, will not ensure neither energy conservation nor passivity of the system.
Differently to the deterministic case, where considering the dissipation matrix R to be positive definite allows to conclude that the PHS is passive, in the stochastic setting this is not the case since the noise driving the system may lead to an increase of the internal energy.
To see that, it is enough to consider a SPHS as given in Proposition 3.11 with ξ = 0. We thus obtain the energy conservation relation
Therefore even requiring R to be strictly positive definite we could not infer from equation (65) the strongly passive condition
where considering for instance the trivial case of the diffusive semimartingale Z : (ω, t) → (t + W t (ω)), with W t a standard Brownian motion, let the passivity fail. In order to guarantee strongly passivity for the SPHS we would have to require the stronger condition
along all possible realizations ω. This is the main motivation energy dissipation is usually required to hold in mean value instead of ω−wise. In fact, a positivity condition on the structural matrix R does not guarantee passivity, but the requirement
is satisfied by a significantly larger number of possible applications. We stress that, due to the generality of the present setting, a complete development of characterizing passivity properties of SPHS is beyond the scope of the present work; in particular passivity will be object of further development in a future study. Nonetheless, next example shows that our definition of (weak) passivity lead, with some simplifications, to existent definitions of stochastic passivity. Then by [34, Th. 32] it follows that the input-output SPHS
is a Markov process. Using Proposition 3.12 we can derive the corresponding Itô formulation to be
Using the martingale property of W together with Itô formula, see, e.g. [31] , we obtain the relation
being L the infinitesimal generator associated to X defined as
see, e.g. [31, 34] .
Requiring thus
we would obtain that the system is weakly passive. We stress that condition (69) goes in the direction highlighted in equation (37) where a dissipation condition is imposed jointly on the resistive and stochastic port.
(ii) consider stochastic perturbation for both resistive and storage port, letting Z t (ω) := t + B t , with B a standard Brownian motion independent of W . Therefore equation (67) becomes
and proceeding as above, denoting for short by µ the drift in equation (70) we would obtain the infinitesimal generator of the form
Requiring therefore
we obtain that X is weakly passive. △ Example 3.5 (Mass-spring system). Let us consider the mass-spring system
where x is the position of the system, m its mass, F the applied force and k the stiffness of the spring. Defining p = mẋ the momentum and q = x, it is easily seen that X = (p, q) defines a PHS with respect to the energy 
Denoting byq t := Eq t ,p t := Ep t , we obtain, using the fact that the integral w.r.t. W t is a martingale,
Using the fact that p = mq, we obtain
which is the equation for a damped harmonic oscillator. More generally we can consider a mass-spring system with external noise and Z N t (ω) = B t (ω), being B t a standard Brownian motion independent of W t ,
and considerations above follow similarly. △ Example 3.6 (n-DOF). Let us consider a n-DOF fully actuated mechanical system with generalized coordinate q, see [39] for the deterministic treatment; let p = M (q)q be the generalized momenta, and H(p, q) be the Hamiltonian Let us consider the semimartingale Z t (ω) := t + σW t (ω), being σ > 0 and W t a standard Brownian motion, let also Z N t (ω) := B t , with B t a standard Brownian motion independent of W t , and Z C t (ω) = t. Then we can introduce the stochastic n-DOF robot with model noise to be
with X t = (p t , q t ), or equivalently in Itô form as      dX t = S(X t )∂ x H(X t ) + σ 2 ∂ x (S(X t )∂ x H(X t )) S(X t )∂ x H(X t ) dt+ +∂ x (ξ(X t ))ξ(X t )dt + g(X t )u t dt + S(X t )∂ x H(X t )dW t + ξ(X t )dB t , y t = g T (X t )∂ x H(X t ) .
(76) △ Example 3.7 (DC motor). Let us consider a DC motor case, that is X = R 2 and X = (φ, p) with Hamiltonian H(p, φ) = 1 2
and structure matrices
see [39] for the deterministic treatment. Let us consider the semimartingale Z t (ω) := t + σW t (ω), being σ > 0 and W t a standard Brownian motion, let also Z N t (ω) := B t , with B t a standard Brownian motion independent of W t , and let Z C t (ω) = t. Then we can introduce the stochastic DC motor with noise to be δX t = S(X t )∂ x H(X t )δt + S(X t )∂ x H(X t )δW t + g(X t )u t δt + ξ(X t )δB t ,
with X t = (p t , φ t ). Equation (77) can be rewritten in Itô's form as
△ Example 3.8 (Van der Pol osclillator). Let us consider a stochastic van der Pol oscillator of the form δx 1 = dx 2 δt , δx 2 (t) = µ(1 − x 2 1 )x 2 (t) − x 1 (t) δt + ξ(x 2 )δW t . Then above system can be written as δX t = (J(X t ) − R(X t )) ∂ x H(X t )δt + ξ(X t )δdW t ,
being the energy Hamiltonian function H(X) = 1 2 X T IX , being I the 2 × 2− identity matrix, and dissipation structure R(X) = 0 0 0 −µ(1 − x 2 1 )x 2 (t)
.
Above stochastic dynamics has been treated for instance in [5] or also in the more general form of a stochastic Fitz-Hugh Nagumo (FHN) model in [3, 6] . △
Interconnection of Stochastic port-Hamiltonian systems
The present Section is devoted to a key aspects of deterministic PHS that will be proved to hold also for stochastic PHS, that is the composition of N Dirac structure is again a Dirac structure. We will start, following [43] , showing that the composition of two Dirac structures is again a Dirac structure; clearly this immediately generalize by induction to the fact the composition of N Dirac structures is again a Dirac structure.
Let D A ⊂ T X A × T * X A × F × E and D B ⊂ T X B × T * X B × F × E two Dirac structures perturbed by two semimartingales Z A and Z B , being X A and X B two general manifolds. The particular form for the Dirac structures implies that D A and D B shares a common port F × E , through which they are connected. where δf A and e A are the flow and effort connected to the port F × E in D A and similarly holds for D B . Thus we have that the composition of the two Dirac structures, i.e.
is again a Dirac structure, see Figure 2 for a graphical representation. We thus have the following result. In general, we could consider a power-preserving interconnection of the SPHS, that is a subspace I(X 1 t , . . . , X N t ) ⊂ F 1 × · · · × F N × E 1 × . . . E N , such that power is preserved, i.e. 
Notice that, the interconnection I defined as above, defines a Dirac structure.
